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Abstract— Analyses of heat and mass transfer from a drop in an electric field have, to date, dealt only with
steady electric fields. This study presents both high and low Péclet number solutions for transport in an
alternating electric field. The low Péclet number transport is investigated analytically using a composite,
double perturbation expansion. Special analytic methods are developed to consider the previously untreated
transport problem where the steady and time-dependent components of the fluid motion are of equal
magnitude. A digital computer is employed to obtain exact solutions to the recursive governing equations.
These solutions yield accurate results for Péclet number in the range 0-30 and thermal vibration number

above 200.
NOMENCLATURE A K1/K2;
1R fluid viscosity;
a, drop radius; T, dimensionless time, 2wt + ¢ ;
Ap, constant, equation (60); T, dimensionless temperature,
B,, constant, equation (61); (T— T T~ T.);
C, (ip)'’%; &, phase angle;
D, constant; % resistivity ;
E, magnitude of applied field ; w, angular frequency of applied field.
F, arbitrary function of R;
G, solution, equations (64), (65) and (67); )
H, homogeneous solution; Subscripts
i, V-l 1, drop;
Nu, Nusselt number ; 2, surrounding fluid ;
Pe, Péclet number, 2Ua/x; o, far from drop (R — c);
r spherical radial position; a, drop surface (R = 1);
R, dimensionless radial position, r/a; m, p,n, degree of solution, equation (36);
L time ; r R, radial component ;
T, local temperature; s, steady part
U, fluid velocity; t, time dependent part;
v, dimensionless fluid velocity, U/U,; 2,6, tangential component.
x, inner variable, (R —1)/6;
W (\/2)(1 +1)R/24; )
Z, cos (8). Superscripts
I order of solution in ¢;
Greek symbols k, order of solution in 4.
A thermal diffusivity;
[;, Xl/Zz ; INTRODUCTION
3, 1AM, WHEN a uniform electric field is applied to a dielectric
& one-half Péclet number, Uya/e; fluid in which a drop of another dielectric fluid is
€, permittivity of free space; suspended, a charge build-up occurs on the drop-
5 thermal vibratiqn number, 2wa’/a; surrounding-phase interface. The field acts on the
, coefficient of fluid speed; charge distribution to produce stress on the drop
0, spherical polar angle; surface. Tangential components of the electric stress are
K, dielectric constant ;
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balanced by fluid motion within and outside the drop.
Such motion is of practical interest as it will enhance
the direct contact heat or mass transfer rate between
two immiscible fluids. Experimental studies by
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Thornton [ 1], Kozhukhar and Bologa [2], and Kaji et
al. [3, 4] have shown remarkable increases in heat and
mass transfer rates through use of electric fields.

The low Reynolds number creeping flow generated
within and outside a single drop in a steady, uniform
electric field has been analyzed by Taylor [5]. The drop
is assumed to remain spherical and the convection of
surface charge by fluid motion is neglected. Taylor
found that either of two directions of fluid motion may
be produced and thatthedirection is independent of the
orientation of the applied field. In addition, that study
provides a first-order approximation to field induced
deformation of the drop. An extensive theoretical and
experimental investigation of drop deformation has
been performed by Allan and Mason [6].

Based on Taylor's conclusions, Griffiths and
Morrison [ 7] anailyzed the steady, low Péclet number
transport in a steady electric field. The transient, high
Péclet number transport has been analyzed by
Morrison [8]. He found that the heat or mass transfer
rate is proportional to the magnitude of the applied
field. Both studies showed that the overall transfer rate
is independent of the direction of fluid motion.

Taylor’s results have been extended by Stewart and
Morrison [97 to include small Reynolds number effects
on the flow field. Sozou [10, 11] and Torza et al. [12]
have, in addition, considered several time dependent
problems associated with the fluid motion generated by
both steady and alternating electric fields.

The purpose of this study is to examine the quasi-
steady heat and mass transfer from a drop in an
alternating electric field. The analysis is limited to the
low Reynolds number or creeping flow domain.
However, because dielectric fluids possess high Prandt!
or Schmidt numbers, the entire range of Péclet number
is physically meaningful.

GOVERNING EQUATIONS

The quasi-steady creeping flow about a drop in an
alternating electric field was analyzed by Torza et al.
[12]. They considered an oscillating field of the form

E = E, cos (wt) (0

w is the angular frequency and ¢ is time. Their analysis
neglects both local and convective acceleration effects
on the fluid motion. This is valid when the Reynolds
number and fluid vibration number are negligibly
small. To first order, they found that the radial and
tangential components of the fluid velocity outside a
spherical drop of radius a are

U, = Ulla/ry* —(a/r)*1(32> - 1) 2
and
Ul, = —2U(a/ry*Z(1 — Z})'/? 3

where Z = cos (). As shown in Fig, 1, r is the distance
from the drop center and @ is the spherical polar angle.
The maximum fluid speed U is given as

U=U,+U, cos 2wt+¢). 4)
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FI1G. 1. Streamlines of the electrically driven circulating flow.

The subscripts s and t refer to steady and time-
dependent parts of the fluid speed. ¢ is a phase angle
and is dependent on the angular frequency of the field
and properties of the drop and surrounding fluids. The
steady part of the maximum fluid speed is

Us = Ugn, ()
where
9EZeqk,a BlAB—1) ;
© = 0, +4) B+ 1P ©
and
1 2B+ 1) 1
=3 {(23+ T tiaox)}xzwznz} <3 O

&g 1s the permittivity of free space. x, g, and y are the
dielectric constant, viscosity, and resistivity of the
fluids. The subscript 1 refers to the drop ; the subscript 2
refers to the surrounding fluid. 4 and f are the ratios of
the dielectric constant and resistivity of the fluid in the
drop to that outside.

Similarly, the time-dependent part is

U= U )
where
o= nfl +((080'€2X2)2}”2 <4 9)

Thus, U, represents the value of the steady plus the time
dependent component of the fluid speed as  tends to
zero. In this limit, these results reduce to those found by
Taylor [5] in his analysis of a drop in a steady electric
field. As w increases without bound, both components
of the fluid speed approach zero. U, falls off as 1/w?,
while U, goes as 1/w. Itis important to realize that thisis
not due to inertial effects in the flow field. Rather, it is
due to the decrease in local charge build-up and the
concomitant decrease in electric stress on the drop
surface.

U, may be either positive or negative. When the
product Af is less than unity, surface fluid motion is
from the poles toward the equatorial plane. When it is
greater than unity, the direction is reversed.
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The quasi-steady temperature field is governed by
the energy equation.

ér
aV3T = U-VT + —. (10}
ot
T is the local temperature and o is the thermal
diffusivity. For a drop at uniform constant temperature
T, in a fluid at uniform constant temperature T, far

from the drop
(11

=T on r=a

and

T—-T, a r—w (12)

for all time.

The governing equations for mass transfer are
analogous to those for heat transfer and need not be
written separately. The corresponding expressions for
mass transfer arc obtained by replacing temperature by
concentration and thermal diffusivity by molecular
diffusivity.

We take as a reference length and reference speed, the
drop radius a and the fluid speed U, respectively. The
dimensionless radial position and fluid velocity are
then

R=r/a {13)
and
vV =U/U. (14)
The normalized temperature and time are
T=(T-TIT,-T,) (15)

and
T = 2wt + §. (16)

Under these transformations, the energy equation {10)
may be written

eT &l ,éT @ LaT
— =N R2 | R~ |+ R™2-2| (1—2372 2.
ét { ER[ (’?RJ az[( ) az]

—eln+n, cos (1)]

et aT
Vig — — R "W {1 -ZHV2. = 1§,
x[ I® 3R 1 =27 az]}
8% is the inverse of the thermal vibration number, {.

8% = Quafo)" ' = ¢ {(18)

(17

The thermal vibration number is the ratio of the
thermal relaxation time{a?/a) to a characteristic time of
the applied field (1/2w). The parameter ¢, one-half the
Péclet number based on U,, is introduced for
convenience,

¢ = Uyajx = Pe/2. {19
In dimensionless form, the boundary conditions are
T=1 (20)

@n

on R=1,
T—-»0 as R-w.

HMT 26:% - F

ANALYSIS

An exact solution to the energy equation for
arbitrary Péclet and thermal vibration numbers
probably cannot be obtained. For low Péclet number,
however, a perturbation about the no-flow or
conduction solution might yield the desired results.
Griffiths and Morrison [ 7] have shown that for the flow
about a drop in a steady electric field, the conduction
sotution is a uniformly valid zeroth order approxi-
mation for undertaking a regular perturbation analysis
in Péclet number. This, of course, is not the case for the
flow about a translating body {13]. The arguments are
unchanged for the flow generated by an alternating
electric field and one would expect a regular expansion
to be useful in solving this problem. Note that because
the oscillating part of the fluid speed is never less than
the steady part, the widely used Lighthill- Iilingworth
technique [ 14, 15] is not applicable.

We seek a solution to the governing equation (17} in
the form

T=7 T "R, Z,1:0), (22)

S 3 GihuR)

xe CptR tyé eimzpﬂ(z} {23)

TR, Z,t;8) = ¥

where

C, = (ip)¥* such that Re[C,1=0. (24)
.4 4

P(Z) is the nth order Legendre polynomial.
Several comments on the form of the proposed
solution seem appropriate. First, the quotient

x=(R-1)/8 (25

isclearly an inner variable. It is zero on the drop surface
and varies dramatically with small changes in the
dimensionless radial position. The inner solutions
{p # 0) involve not only the inner variable x, but the
outer variable R as well. Owing to the exponential
dependence on x, the inner solutions approach zeroata
small distance from the drop surface. At large distance
from the surface, behavior of the temperature field is
dependent only on the outer solutions {p = 0} and the
outer variable R. Thus, the form of the proposed
solution lucidly displays an inner and an outer
behavior. Second, if

TR, Z,1;6) = O[1]

then as §—0 (26)

d jok . =
g (TR, Z,7;8)] = 0[1/6]

ingeneral Thisdisparityinthe order of the temperature
and its derivatives would preclude a regular
perturbation solution. Finally, a comment on the types
of time dependence the proposed solution may
describe: the two exponentials in equation (23) will
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combine to yield

sin or cos [mz +{|2pl}' 3R~ 1)/28]. 27

The inner solutions, therefore, are periodic in time with
a radially dependent phase shift. This is wave-like
behavior and originates in the period generation of
disturbances in the temperature field (by the periodic
fluid motion) which then propagate toward or away
from the drop. The outer solutions are likewise periodic
but without the phase shift. Since we are concerned here
only with the quasi-steady transport, the issue of early
and late time behavior, i.c. small or large values of 1,
does not arise. All time dependent terms in the solutions
will be periodic, of one form or another.

To satisfy the boundary condition on the drop
surface, equation (20). for all £ and & we must have

TOYR,Z,1:8)=1 on R =1 (28)

and

TR, Z,t;8)=0 on R=1 (29)

for higher order approximations. In more detail, these
conditions may be written as

s

Z () P ()(R) =1 on

pT s

R=1 (30)

T

S G R =0 on R=1

p- - r

mor n# 03

for equation (28), and

Y G AR =0

peos

on R=1 jork#0(32)
for equation {29). As will soon be evident, these
conditions can be satisfied only by virtue of being
summations. This is an essential feature of the proposed
solution because the individual terms inside the
summation of equations {30}, (31), and (32) cannot, in
general, be made to vanish on the drop surface.

Far drom the drop, the second boundary condition,
equation (21), becomes

T*HR.Z,7:) >0 as R - (33)
for all j and k. For the outer solutions, this requires that
G} AR} ~»0 as R-x (34)

for all j, k., m, and n. For the inner solutions, it is
necessary only that

(,lf\

m. p.n

(R) = ofc!2el"1R128] 3¢ R > x. (35)

for allj, k,m, p # 0,and n. This is a very weak condition
and may be replaced by the more restrictive relation

GiX, ARy = O[R"] as (36)

for arbitrary b and all j, k, m, p # 0, and n.

Substituting equations (22) and (23) into the
governing equation (17) and applying several identities
for the Legendre polynomials gives, with minor
rearrangement,

R—x
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>3 %

J=0 k- O m .

Tz

r n-0

x [ifm—p (rj,,"p ARP(Z) e CotR 110 ¢

' d d
x{éziR ’dR<RZ— (,{,;f‘,‘"(m)

_R 2 T
R nin+ V)G AR) | =20C,R "

o

1

X[RG:';:?,,,,.(R)}H ¥ Z [n.+1

- tid- 2.0

(qu iis}l
x [(R“‘-- R HAfn—I)

., d o ‘
x ( dR (’ilk g.pn- I(R}+‘)( p(-’fv;k g.p !{ R})

+(2R S)Bl(n“‘l)(_bz(;{nh- 4. pn I(R)) l}

x PfZ)yc (R 11é gim (37
where
odny= 3nin—1}(2n D2n4 1,
Agln) = 2n(n + 1)/(2n - 1120+ 3). {38}
Ay(n) = 3in+ 1) n4 2)/2n+ 1)(2n+3)
and
B yny= --nin—Dn+ 1120 - B2+ N
Boln) = —n(n+ 1)/2n - 1320 3). 139)

B,(n) = n(n+1)(n+2)/2n+ 1}(2n + 3).

When like powers of ¢ and ¢ are equated, equation {37)
may be solved termwise. If we allow

G AR) = 0.

m.p.a

jork =0 1401

then the zeroth and first order expressions need not be
written separately ; the following expression is valid for
all j and k.

ad zd I
= SR
ACWOSTY

d
— R “nin+ WGEE, HR) - 2C R ‘{R(R(:{,,‘,,,.‘(R)')

im—p)GLY, {R) = R

1 2
+ Y Y In+ldlGn-aN

g~ 1i—-20

x[(R"“—

+2R S)B,m-z)(—(;zﬂ a2 ,(R)) {

/

Afn -1

(,J AR+ C,G

m q.pan

‘qkp n]> I(R' )

41
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Observe that equation (41) is, in general, a zeroth order
differential equation. It possesses no non-trivial
homogeneous solutions and for this reason the
particular solutions cannot be modified to satisfy any
boundary conditions. There are, however, two special
cases that need be considered.

When m and p are equal but not zero, the LHS of
equation (41) vanishes. This first degenerative case is
handled by moving the third term on the RHS to the
LHS. The new expression must still be valid for all k
greater than or equal to zero. By equation (40),
however, the first result is trivial (0 = 0). Replacing k by
k+1 (i.e. incrementing the arbitrary k index) gives

1 d Jok
2C,R™ drR (RG,,,,,,,,(R))

2 <RZ-9 Gilm, ,}(R)>

=R~
dR dR

1 2
—nn+DR7IGHIR + Y Y

9--11--2,0

x [, +lglGn.—n,))

X I:(R"‘—-R'z)A,(n—l)

I(R)>

(42)

d
x( dRGJ AR+ CL G

Equation (42) is a first-order differential equation with
the single homogeneous solution

HY Ry =R,

The particular solution can be obtained directly by
integration. Combining the particular solution with a
constant multiple of the homogeneous solution allows
the boundary condition on the drop surface, equation
(31)or (32),to besatisfied for the terms of all degreesin m
other than zero.

In the second degenerative case, when m and p are
equal and zero, the LHS of equation (42) additionally
vanishes. Again the equation may be rearranged ; this
time the first two terms on the RHS are brought to the
LHS. A second increment in the k index gives

+(2R" 5)B,(n—l)( —

m # 0. (43)

2 d 2 d 20k
—R” dR R (ﬁooo..(R) +n(n+ 1R “GEl, R)

1 2

Y Y [n+lalGn—n)]

g-—-11=-20

| x <= r - SO dR)

+(2R™ 5)Bl(n—f)< i z(R)>] (44)

This is an Euler equation with homogeneous solutions

HEl% AR) = R7* 1 @5)

and
Hi% AR) = (46)

The particular solution may be obtained by use of the
homogeneous solutions and the method of variation of
parameters. The first homogeneous solution satisfies
equation (34) and is therefore suitable for use in
satisfying the boundary condition on the drop surface,
equation (30) or (31), for all terms of degree zero in m.

THE ZERO-ZERO APPROXIMATION

The zero—zero approximation to the temperature
field is governed by equations (41), (42), and (44) with
both j and k equal to zero. Noting equation (40), these
become

GO0 R)Y =0, m#p, @7

d
2R (RGS,'_?,,_,,(R)) =0, m#0, (48)

. d d
—R” <R2a600u( ))

+n(n+1)R 2 00,,(R)

The solutions to the equations are simply the
homogeneous solutions, equations (43) and (45). The
boundary conditions may, therefore, be written

(49)

X, n=0,
p=z . Dangrg.n(R) = DO.an'gn(R) = ‘0 £ 0 (50)
where D, , are constants. Also,
Y Dy HRSAR) = D, HYS (R)=0. (S1)
p=a

The values satisfying these relations are

Dyo=1, D,,=0, morn#0. (52)

The familiar result is
GS:5.0(R) = 1/R, (53)
GuonlRY =0, m,p, orn#0. (54)

This is the conduction or no-flow approximation, as
would be expected.

ZERO-k APPROXIMATIONS

The governing equations for the zero—k approxi-
mations are given by

d d
im0 = R (RS o)

—n(n+HR™2GL,(R)—-2C R~ ‘(;;( Gg';,.'(R)>,

m#p, (55)
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d
2C,R™! iR (RG:,’,‘_’,‘,,‘,,(R)>

d/ ,d
=R 25<R2 dR GS.:L.J(R))

—n(n+ )R *GY

d d
-k 2 (Rt )

+nin+ 1)R™2GH% (R) = 0.

YA (R, m#0. (56)

(57

Recall that the zero-zero approximation is non-trivial
onlyfor mand pequal to zero. Itis evident from this that
the zero—one solutions which satisfy the boundary
condition on the drop surface will be only the trivial
solutions. The argument can be applied repeatedly to
conclude that

(*() k

mpndR) =0, k=1 (58)

for all m, p, and n. This result seems reasonable as the
zero -k approximations are, again, no-flow approxi-
mations. In the absence of time dependent fluid
motion, the quasi-steady temperature field is the
steady field and as such would be independent of
the thermal vibration number —regardless of its
magnitude.

J ZERO APPROXIMATIONS

The last of the zeroth order approximations, the
j-7ero approximations, are governed by

(R)y=0, m=#p, (59)

mpn

2C,R° -d— RGO (R)
- m dR m.m.n

Z Z [qul n)]

¢ —1 1=

x (R *=R HA(n--DC, G L0 - (R), m#0, (60)

i d
R (RZdR 6‘3>,.(R))+n(n+1)R 2G%.AR)

1 2 B
)IEEDY [m+|q|lérl.—ns)][1R"“—R HAn—1

q | . 2.0

X <— — qf(;f’,,__,(R)>+(2R “)Bn—1)

X _(l—ql()on (R) [ (61)

Equation (59) shows that non-trivial solutions will
occur only for m equal to p. Again recalling that the
zero-zero approximation is non-trivial only formand p
equal to zero, it becomes cvident from equations (60)
and (61) and the necessary boundary conditions that
the non-trivial one—zero solutions will also occur only
for mand pequal to zero. This reasoning can be applied
repeatedly to obtain a single expression for all non-
trivial j zero solutions.

,d 7 d A
—R ? "(deRGé’.‘?;,n(R))+"(" + DR 2G50 AR

dR\

5

Y r]\{(R + R 2)/1,(;1—1)(

-2

d
" dR (;{)‘()l.r.t() {R) )

+{2R S)B,(n—lb(—(:‘{,'of;,o ,(Ri)]. {62

The remaining solutions are

G0 (R) =0,

T p.n mor p # (. (63}

The non-trivial j zero approximations may also be
interpreted through physical arguments. As the
thermal vibration number increases without bound
(6 — 0), fluctuations in the fluid motion take place on
a time scale much smaller than the thermal relaxation
time. The temperature field cannot respond to such
fluctuations and so 1s influenced only by conduction
and the convective transport due to the steady part of
the fluid motion.

In effect. equation (62) with the zero zero
approximation and appropriate boundary conditions
previously has been solved by Griffiths and Morrison
[7]. Simply replacing ¢ in their solutions by en, vields
the correct results for the j-zero approximations. This
fact will serve as a significant check on later com-
putations.

HIGHER ORDER APPROXIMATIONS

Before attempting to compute any higher order
approximations, an interest in efficiency requires
bounding the solution subscripts, i.c. requires
determining an upper bound (UB) on the absolute
value of the three subscripts m, p, and n for which non-
trivial solutions may occur. This is accomplished by
careful scrutiny of equations (41),(42), and (44), and the
zeroth order approximations. The perspicacious reader
can derive the following results with relative easc. If a
relation does not involve either j or k, then the bound is
valid for all values of that superscript.

UB[n]} = 2;. (64

In addition, non-trivial solutions occur only for even
values of n. This could have been noted « priori by
observing that the fluid velocity, equations (2) and (3).1s
symmetric with respect to both the polar axis and
equatorial plane of the drop. Also

UB[m] = min(j, k)
and

UB[p] = 5[m-+ min(j.k)]. (65)

Note, after the fact, that the zero k and j zero
approximations satisfy these constraints.

Further consideration of the governing equations
shows that

GEL AR =0 and  GL1L(R) = 0. {66)
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The first of these results follows immediately from the
zero-k and j—zero approximations being limited to
degree zero in m and p and the need to satisfy the
boundary condition on the drop surface. Trial
substitution of the zeroth order approximations into
the j one governing equations will readily show that
this is correct. The second follows from similar,
although more complex, arguments. These two results
will provide a valuable check on the computation of
higher order approximations.

Computation by hand yields the next few
approximations to the temperature distribution using
the same methods used to obtain the zeroth order
solutions. To first order in ¢ and fourth order in 4§, the
non-zero results are

G§:3.2(R) = n(—3R *+E&R >~
G—'l 0.2(R) = (IR 6—iR™* )

3R7Y),

GlOZ( )= —r],(iR"’—iR_“),
GL%02(R) = —n(24R72—6R™°), (67)
Gl:¢R) = —n(24R"5—6R"°),

1 1. 2(R) =n(18R" )
G! '1, .2AR) = n{18R~1).

HEAT TRANSFER

Corresponding to the form of equation (22), we seek
an expression for the overall time-averaged heat
transfer coefficient, expressed as the Nusselt number, in
the form

=3 ¥ deH)

j=0 k=0

=Y ¥ JSNuk (68)
j=0 k=0

Nu is the overall Nusselt number and an overbar
denotes averaging with respect to time. The zeroth and
all higher order contributions are found by integrating
the normal flux over the drop surface

. L
ik = —
Q%) J-xﬁR

The Legendre polynomials are, however, an ortho-
gonal set over the interval negative one to one with a
weight function of unity. Since Py(Z) is by definition
unity, only terms of degree zero in n need be considered.
Additionally,

TR, Z,1;6) dZ. (69)

R=1

em =0, m#0 (70)

so we need also consider only the solutions of degree
zero in m. Thus, the time average at equation (69) gives

Nt = =2 b [ Gi% o(R)— CGé"“(R)]

R=1

(71)

This unusual form follows directly from equation (26).

Using equation (71) and the approximations
previously obtained, we find that

Nu®® =2, (72)
Nu®* =0, k=123, (73)
Nu'*=0, k=0,1,23. (74)

The first of these is, of course, the well known result for
transfer due to conduction. The second contribution is
in agreement with the results for low Péclet number
transport in a steady field [7].

To the order obtained so far, the heat transfer
coefficient is independent of the thermal vibration
number. One may reasonably entertain the notion that
the coefficient is independent of this parameter at all
orders of approximation, i.e. that the periodic part of
the fluid motion contributes nothing to the time-
averaged transport. The notion is dismissed, however,
by observing that the limits of very large and very small
thermal vibration number do not yield the same
temperature distribution or heat transfer coefficient.

Consider, for a moment, the limit of very large
thermal vibration number (6 — 0). In this case the
solutions for the temperature field are the j-zero
solutions previously discussed and governed by
equation (62). The temperature distribution is that due
only to the steady part of the fluid motion. Because the
solutions contain no time dependence, the instan-
taneous and time-averaged transfer coefficients are the
same. As mentioned, this problem has, in effect, been
solved. The exercise indicated gives

Nu = 2+[%§6ns]e +0[*] as 80 (75
for a very large thermal vibration number.

Now, consider the limit of very small thermal
vibration number (8§ — <0). In this limit, oscillations in
the fluid motion take place on a time scale much larger
than the thermal relaxation time. The time dependent
temperature distribution is, therefore, that due to the
instantaneous fluid velocity. The solutions are the same
as those for the small limit except that en, is replaced by
e[n, +n, cos(1)]. A similar substitution in equation (75)
gives the instantaneous heat transfer coefficient. The
time-averaged coefficient is

— 41

3150 2r]lz):|.92+0[&:“] as J-— oo

(76)

for very small thermal vibration number.

Thus, the heat transfer coefficients in the limits of
large and small thermal vibration number are not the
same except for #, identically zero, i.e. for no time
dependent fluid motion. The transportinan alternating
field cannot be independent of d and so at least one non-
zero contribution to the heat transfer coefficient must
exist for k not equal to zero.

Clearly, to obtain non-vanishing contributions to
the heat transfer coefficient requires an unusually high
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order approximation to the temperature distribution,
Beyond the results obtained so far. these approxi-
mations quickly become unreasonable to compute by
hand ; the size of the solutions grow very rapidly with
increasing order. One also faces the high probability of
human error in computing higher order approxi-
mations. To overcome these difficulties, we sought
a computer solution. The result is a PL;1 FORMAC
{17 1971 implemented program which analytically
solves the governing cquations, satisties the boundary
conditions, and computes contributions to the heat
transfer coefficient. The program uses precisely
the same algorithm described earlicr for computation
by hand.

To date, the full approximations to the temperature
distribution have been computed to second order in ¢
and fourth order in 8. Beyond this level, contributions
to the transfer coefficient have been obtained without
computing all of the temperature solutions. This is
achieved through a technique dubbed pruning.

Because the contribution to heat transfer comes from
only a part of any approximation to the temperature
ficld. only certain of the temperature solutions need be
computed : recall equation (71), only the solutions for
which mand nare both zeroarcinvolved. Atany level of
approximation, however, all solutions that influence
desired higher order solutions for which m and n are
zero must also be computed. This can be expressed
simply by writing new bounds on the solution
subscripts.

UB["] = min (2Is Z[jmux " I]) ‘77)

and

UB[’"] = min(,f‘sjmax - j*k’ (78)

where .. 1S the maximum order desired in & The
bound on subscript pcannot be improved. By equation
(65), however, the range of p will be reduced by the new
bound on m. Observe that up to order /2 in ¢, the
new bounds are the same as those given previously; all
solutions to this order need be computed. Beyond this
order, progressively fewer solutions are computed;
those which are extraneous to higher order contri-
butions to the heat transfer coefficient are pruned from
the solution set.

The contributions to the heat transfer coefficient
have been computed to fourth order in ¢ and eighth
order in 4. To the lowest non-zero contribution, the
result is

. " 41 272
Nu =246 = cp2af - 2 )s* 007
Nu +¢ {3150;73*«(1155;7()( +0(8 )}
Ll 66245909
R il
1376633758500
57174512 N\ .o o
il shE
*(57489807375"‘)0 + Ot ’J (79
Observe that

Nu* =0, j=1.3 (80)

STEWART K, GRIFFITHS and FRANK A. MORRISON. JR.

for all orders in k. This result is probably not a mere
characteristic of the low order approximations.
Brenner [20] has shown that the overall steady rate of
heat transfer from an isothermal body to a fluid at
uniform temperature is left unchanged when the fluid
velocity is reversed at every point. Morrison and
Griffiths {217 have shown that this result holds for the
transient transfer rate. We might expect that the resuft
would also hold for the present problem. Noting that ¢
in equation (17) may be cither positive or negative, it
would then follow that the first and third order result.
equation (80). should hold for all approximations of
odd order in j.

Because a high order approximation to the heat
transfer coefficient has been computed, we are in a
position to estimate { 22. 23] the radii of convergence of
the series. By comparing the computed coefficients, we
can estimate that the series will converge for

fef < 15 and o < 097 (. > 200). {81)

Beyond these values, the terms in the summations of the
Nusselt number become about equal in magnitude and
the series would be expected to diverge. In practice.
however, the useful range of the series may extend well
above these values owing to the alternating signs of
higher order coefficients.

Finally, we consider the high Péclet number heat
transfer in an alternating electric field. With relative
ease, the behavior in the limits of very large and very
small thermal vibration number may be obtained. The
physical arguments given for low Péclet number
transport in these two limits apply equally to the high
Péclet number domain, In this instance, the analogous
transport in a steady clectric field has been treated by
Morrison {8]. Replacing Pe in his analysis by #,Pe or
[n.+ 5, cos(1)]Pe gives the desired results. A special
case of his high Péclet number analysis is the steady
behavior for dominant thermal resistance in the
surrounding fluid. For very large thermal vibration
number. the instantaneous and time-averaged transfer
coefficients are

Nu = Nu =298 A(Perm)' 2 as 000 (82)

Also,
Nu = 2t pandnl HAPe;mit T as &+ 2. (83)
ftrnin) = [+ costn)]' 2 (84)

for very small thermal vibration number.

The time-average of equation (84), and thus of
cquation (83), has been obtained numerically. We find
that

Nu{Pe:d — 2 )iNulPe,0 = 0) = flg,md

=090 = 1.00
< 100 { < 1.54
for n./n. (85)
> 1.00 > 1.54
~ 0.76(n,in)"* -

for very large Péclet number.



The transport from a drop in an alternating electric field

CONCLUSIONS

The fundamental parameters associated with quasi-
steady heat or mass transfer from a drop in an
alternating electric field have been identified as the
Péclet number and square-root of the thermal
vibration number. A solution to the energy transport
equation for low Péclet number and high thermal
vibration number was found in the form of a composite,
double perturbation expansion. As in the analysis of
transport in a steady electric field, the expansion is
regular in Péclet number. A digital computer was used
to obtain high order solutions to the recursive
governing equations.

The overall time-averaged heat transfer coefficient,
expressed as the Nusselt number, was found to be a
weak function of the thermal vibration number ; above
200, transport is almost entirely due to the steady part
of the creeping fluid motion. In contrast, for very small
thermal vibration number, the steady and the
oscillating parts of the fluid motion make nearly equal
contributions to overall heat or mass transfer. For low
Péclet number, the transfer rate is always higher for
very low thermal vibration number than for very high
thermal vibration number. The periodic part of the
fluid motion tends to enhance the transfer rate.

The limits of very low and very high thermal
vibration number have also been considered for high
Péclet number transport. Unlike the low Péclet number
case, the periodic part of the fluid motion may either
enhance or detract from the overall time-averaged heat
transfer rate.
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LE TRANSFERT A PARTIR D'UNE GOUTTE DANS UN CHAMP ELECTRIQUE
ALTERNATIF

Résumé — Les analyses du transfert de chaleur et de masse 4 partir d'une goutte dans un champ électrique ont
Jjusqu'a présente porté sur des champs électriques stationnaires. Cette étude présente a la fois des solutions de
nombre de Péclet ¢levé et faible pour un champ alternatif. Le transfert 4 nombre de Péclet faible est étudié
analytiquement par un développement 4 perturbation double et composite. Des méthodes analytiques
spéciales sont développées pour considérer le probléme jamais traité o les composantes permanentes et celles
dépendantes du temps pour le mouvement du fluide sont du méme ordre de grandeur. Un calculateur digital
est utilisé pour obtenir des solutions exactes des équations récurrentes. Ces solutions donnent des résuitats
précis pour un nombre de Péclet entre zéro et trente et des nombres de vibration thermique jusqu'a deux cents.
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DIE TRANSPORTVORGANGE AN EINEM TROPFEN IN EINEM ELEKTRISCHEN
WECHSELFELD

Zusammenfassung Die Untersuchungen des Wirme- und Stoffiibergangs an cinem Tropfen in cinem
elektrischen Feld wurden bis heute nur an konstanten elekirischen Feldern durchgefithrt. Die vorlicgende
Untersuchung liefert Lésungen bei sowohl hohen als auch niedrigen Peclet-Zahlen fiir den Transportineinem
clektrischen Wechselfeld. Der Transport bei niedrigen Peclet-Zahlen wurde analytisch mit ¢inem
Storungsansatz und ciner zusammengesetzten doppelten Reihenentwicklung untersucht. Spezielle
analytische Verfahren wurden entwickelt, um das bisher unbehandelie Transportproblem zu untersuchen.
wobei die stationdren und zeitabhidngigen Anteile der I'luidbewegung von gleicher GroBenordnung sind. Ein
Digitalrechner wurde eingesetzt, um exakte Losungen der rekursiven Bilanzgleichungen zu erhalten. Diese
Losungen liefern genaue Ergebnisse im Bereich der Peclet-Zahlen von null bis dreiBig und ciner thermischen
Schwingungszahl von Gber zweihundert.

AOPOLECCHI MEPEHOCA OT KAIINKW B MEPEMEHHOM IEKTPUYECKOM TTO MR

Annorauus [0 HACTORINCIO BPEMCHH QHATH} [CNIIO-H MUCCONTPEHOCA OT KalUli, Baxo.sieics 8
VICKTPHUYCCKOM HOUIEC, OIPAHHMHMBAICH TOIBKO HOCTOSHHBIMH LICKTPHUECKHMH noimiMu. B ranuo#
paboTe NPCACTABICHB! PELUCHHS 118 CIYYds (ICPCHOCA B IICPEMEHHOM )IICKTPHYECKOM 1I0.1C KAK [1PK
GOILHIOM, FAK W MajdoM tHaveHusx sucna [lexie. IMepenoc npu mactom suavcHuu qucta flexne
MCCIC,I0BAICH AHA THTHYECKH ¢ TOMOUIBIO CAOKHOTO JIBYKPATHOI O PA3IOKEHHA B PRI 110 BOSMYHICHHAM
PaspaboTatbl CHELHA IbHBIC AHATHTHYCCKHE METO/IbE JUIR HCCAIEAOBAHHA DAHEE HE PACCMA I PHBABINCHCS
A1A4M IEPEHOCE. B KOTOPOH CTAUMOHAPHLIC H JABHCHUIME OF BPCMCHH KOMUOHCHTbE (BHKCHUN
WUIKOCTH PasHbl 11O sesinuune. TOUHBIC DEHICHHS OCHOBHLIX PCKYPPEHTHBIX YPABHCHIA OblI1 NMO/YUCH B
¢ novonto IBM. Ouu no3BoAsIOT HOJIYYHTH HAJSKHLIC JIAHHLIC [UTR [IHANA3OHA JHAYCHHHE YHCId
[Tek:1e 01 HYA8 10 TPHAATH TIPH YACTOTC TEMI0BLIX Ko.lebanui. npessinatoutedi 200,



